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BY THE SAME AUTHOR, 

RUDIMENTS ov thb LATIN LANGUAGE, 28. 6d., BOUND. 
RUDIMENTS ov thb GREE^ LANGUAGE, 48. BOUND. 

London : Whittaker, 1838. 

Opinions of the Public Press* 

The Student who desires to derive the greatest possible benefit 
from either of these books, must possess and ponder both, and they 
will reciprocally explain and teach one another ; our reasons for speaking 
thus will be best conveyed in Mr. Foster*s own words : ** upon com- 
mencing,*' says he, ** the Greek Grammar, it is desirable that the Student 
who has made some progress in Latin, should find that the knowledge 
he has acquired is of direct assistance to him. To effect this, the author 
has endeavoured to make the Grammars of the Greek and Latin Lan- 
guages as similar to each other as possible — by observing the same 
arrangement throughout — ^by giving, where it could be done, parallel 
examples in the nouns, verbs, &c. and by expressing the rules of the 
Syntax in the same words." 

In regard to languages which bear so close an affinity to one 
another, there are obvious advantages connected with this method, not 
merely lessening the labour of the teacher, but what is £» more impor- 
tant, giving early and interesting lessons in comparative and universal 
Grammar. — London Monthly Review. 

The publication of any work tending to simplify the grammars of 
the dead languages, cannot but be entiUed to a favourable reception. 
It is from this consideration that we welcome the appearance of Mr. 
Foster's Latin and Greek Grammars. Their structure is singularly 
simple, and as they are parallel throughout, the pupil who uses them 
together will find his labours wonderfully abridged, while his mind will 
be constantly directed to the principles which the two languages have 
in common. — London Miscellany. 

These Grammars are superior in their arrangement to those com- 
monly used in schools. -^Jthenaum. 

Mr. Foster's Gramman prove him to be a thoughtful, intelligent, 
and laborious man. His object has been to exhibit the two lanaruages 
as parallel to each other, a very useful and interesting attempt, which 
if rightly followed out, cannot fall to make both far more intelligible to 
the pupil. 

We think Mr. F. has occasionally fallen into the temptation of 
warping the principles of one or the other language to make the pa- 
rallel more complete, but any erron of this kmd do not diminish the 
worth of his idea, nor make his practical effort to realize it less worthy 
of attention. 

These are rather hints for Mr. F*s consideration than objections 
to his books, which we hope may obtain the attention worthy of the 
time and reflection he has evidently bestowed upon ihenL^^Educational 
Magaxine. 
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PREFACE. 



The design of this little work is to present to Hoe young 
Student the principles of Algebra in the most compendious 
and simple form. The Author has accordingly introduced 
nothing but what is absolutely necessary, and endeavoured 
to state the Rules and the Proofs of them in the plainest 
manner. 

The arrangement of Equations will be found different 
from that usually adopted : but, as they are placed (see Pp. 
15, 26, 39) as soon as the Student has learnt the rules 
necessary for their solution, ^the change will be found advan- 
tageous in leading the Student to an early application of his 
knowledge. 

A copious collection of Examples will shortly be re- 
printed, and combined with this work, will, it is hoped, 
enable the Student to acquire a thorough acquaintance with 
the Theory and Practice of Algebra. 

SouTHSEA, Hants, 
July 1, 1840. 



DEFINITIONS. 



In Algebra the magnitudes of quantities are denoted by 
tetters, and their relations by giffna. 

A letter from the beginning of the alphabet as a, h, e, &c. 
denotes a quantity whose value is known : from ^e end as 
X, g, z, denotes one whose value is unknoum. 
The signs are as follows : 

-f > plits, signifies addition: thus a + b means b added 
to a. 

— , minus, signifies subtraction: thus a— 6 means b 
subtracted from a. 

X , into, signifies multiplication : thus a x b means a 
multiplied by b. 

Sometimes a point is used instead of x : thus a. b, e 
for a X 6 X c. Onen and especially with single letters x is 
omitted : thus abc for ax bxc. 

-r*, by, signifies division : thus a^b means a divided by b. 
More usually the dividend is placed over the divisor with 

a line between them : thus j means a divided by b. 

j^, root of, signifies the extraction of a root: a figure 
over the j^ implies the particular root, and when no figure 
is expressed 2 is understood : thus ^a, ^a, i/a mean the 
second, third, fourth root of a. 

( ) a bracket, signifies that the quantities it includes 
are to be considered as cfne term : thus — (a+5) means that 
the whole quantity a + & is to be subtracted. 

A line drawn over, means the same : thus — a-^bxCLesiSA 
the same as — (a4-5). 



:= equal to, sdgnifies equality : thus x=a— 5 means that 
X is equal to a — b. 

There are other signs : as > greater than : <Z^m than i 
*.* because : .*. therefore. 

TERMS. 

A coefficient is the numher prefixed to a quantity and 
expresses the numher of times it is taken : thus in 2a^ 7xy, 
which imply tmce a and seven times oct/y the coefficients are 2, 7. 

When no coefficient is expressed, 1 is to be understood : 
thus a, xy mean la, \xy, 

A letter whose value is known is often the coefficient of 
one whose value is unknown : thus of ax and 6y, a and b ara 
the coefficients. 

The power of a quantity denotes the number of times it 
is multiplied by itself: thus the 2nd, 3rd, 4th power of a 
mean a multiplied by a, oncey ttoice, three times. 

The index, is a small figure placed over the right hand 
of a quantity to denote the power : thus 

a* (which stands for ax a) denotes the 2nd power of a 

a' ( ax ax a) 3rd 

a^( ax ax ax ax ax ax a) .... 7th 

If the index he fractional, the denominator denotes the 
root taken, and the numerator the power to which the quan* 
tity is raised : thus 

c^ denotes the 2nd root of the 1st power of a. 
tfi 4th ..3rd a. 

Hence a*, a^, a^ mean the same as ^/a, l/a, ^fl*. 

Positive quantities are those whose signs are + : as 
+2a, 4-lOar. 

Negative quantities are those whose signs are — : as 
— 2a, — lOaa?. 

When no sign is expressed, + is understood : thus 2a 
means 4-2a. 

+ is omitted only when a quantity stands alone, or at 
the beginning of an expression : thus we write 3a not +3a : 
o+d— c not -f a+6— <?. 
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Qaantities have like signs, when the signs are all +> or 
all — : as 7a, 65 : or — 6a:,— y, — 10a. 

Quantities have unlike signs, when some of the signs aie 
+, and some — : as a, —35, 7c. 

Like quantities are those which have the same letters 
with the same indices: as 5a, 7a : and a^x, \6a^x, •— 4a'dr. 

Unlike quantities are those which have different letters i 
as 3a, 25 : or the sawje letters with different indices : as 3ax*, 
2aV. 

A Term is one of any quantities connected by + or — 1 : 
thus in a +25 — 3c the terms are a, 25, — 3c. . 

A simple quantity consists of one term : as 2a. 

A binomial 2 terms : as 2a+5. 

A trinomial 3 terms : as 2a+5— c. 

A guadrinomial 4 terms : as 2a+b — c+d^ 

A multinomial of more than 4 terms. 

NOTATION. 

Notation is the finding the Numerical value of an Alge- 
braical e]q)ression. 

BuLE . F(MP the letters substitute their given values,^ and 
reduce the expression to its simplest form. 

Ex. 1. If a=6. 5=5. c=4. 

Find the value of — -- +c*. 

a-f3c 

a+Sc^"^- 6+3x4+^ -Ty[2^^^ 18"+^^ 

=60+64=124. 

Ex. 2. Find the value of a« x <a+5) — 2aftft. 
a«x(a + 5)-2a^c=6*x(6+5j— 2 x 6x5 x 4 = 36 x II 
—240=396—240=156. 

Ex. 3. Find th e value of -v/(2a'— V'2ac+c')- 

V^(2a*— l/2ag+ cO= v'(2x6'-V2 x 6x4 + 40 = V'(2 

X 36— -/48+ 16)= v^(72- V^4)= v'(72-8)=>v/64=8. 
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ADDITION. 

Addition is diyided into tliree cases. 

Case I. 

IFhen the quaniiiiea are like toith like signs. 

Rule. Add the coefficients together, to their sum 
annex the literal part, and prefix the common sign. 

Ex. I. 5a Ex. 2. —6 Ex. 3. 2a+x* 

4a — 3i5 3a+Jc* 

— -25 ia+fx« 
9a 

— —6b Va+I*' 



Proof. Ex. 1. 5a to be added and 4a to be added 
mnst together be 9a to be added, and therefore the sum is 
9a. ^0?. 2. 15, to be subtracted, 35 to be subtracted, and 
25 to be subtracted must together be 65 to be subtracted, 
and therefore their sum is — 65. 

Case II. 

When the quantitiea are like with unlike signs. 

Rule. Add the positive coefficients, and then the ne- 
gative ones : subtract the sums thus found : to the difference 
annex the Hteral part, and prefix the sign of the greater sum. 

Ex. 1. — 4ayf^« Ex. 2. ia«+i(a+5) 

— 3ay + 3<?» — c«« - 3 (a+ 5) 

Hay— 22« a*^i{a^b) 

13ay— 2z« -1 0^+6 (a+5) 

17ay * "2a* +(04-5) 

Proof, ^x. 1 . 1 lay and 1 3ay to be added are together 24ay 
to be added : 4ay and 3ay to be subtracted are together 7 ay 
to be subtracted : the whole therefore is 24ay to be added 
and 7 ay to be subtracted, t. «., 17ay to be added : s^ and 3;?* 
to be added are together 4s^ to be added : 2^ and 2z* to be 
subtracted are Az^ to be subtracted : the whole therefore is 
4e^ to be added and 4^ to be subtracted, t, e. 0. 



Case III. 

iFhen the quantities and signs are some like and same 

unlike. 

Rule. Collect (by Case 1 and 2) the like quantities, if 
any: and to their sum annex the unlike quantities each 
with its proper sign. 

Ex. 1. —2a Ex. 2. J(c«+rf») 

+b -(c« + <^)+x« 

5tf —4c? 2(c«+<^)— x«+x 

Sa +6 —47" ijc^-^-d^) *"Tj 

Proof. The sum of — 2fl and ba is (by Case 2) 3a : 
also 6 is to added, and Ad subtracted : the whole therefore 
is3a+6-4<f. 

N. B. — Quantities with literal coefficients, are added by 
putting the coefficients in a bracket, and annexing the oam- 
mon letter. 

Ex^ ox+cz' 

(a^b)x^(c+e-^f)z\ 

SUBTRACTION. 

Rule. Change, or conceive to be changed, all the signs 
of the quantity to be subtracted, and then proceed as in 
addition. 

Ex. 1. Qa-\-h Ex. 2. a-^-^c Ex. 3. 3(a-^)-f c 
2a— 36 6+ic 2a4-36— 5c 

4ai-4b a^b—c a''Qb-\-Qc 

Proof. Ex. 1 . 2a taken from Qa+ 5, will leave 4a 4- 6 : 
but we had to subtract not 2a, but a quantity less than 2a by 
3b : therefore the result 4a + b must be too little by 3^, i, e. 
it must be 4a 4-46. Now we should obtain the same result 
by changing 2a-36 into — 2a+36, and adding it ta the 
upper line. 
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N. B. — Wlien a bracket is removed after a negative sigxi^ 
the signs of all the quantities under it must be changed : 
thus 6a + 5— (2a— 36)=6«+^— 2« f 36. 

MULTIPLICATION. 

Multiphcation is divided into three cases. 

Case I. 

When both the Mtdtiplier and MtUttplicand are timple 

quantities. 

Rule. Attend to three things^ the signs^ the coefficients^ 
the letters. 

Imo. Like signs produce +^ and unlike^ — . 

2do. Multiply the coefficients as in whole numbers. 

Stio. If the letters be the same, add their indices : if 
d^erent, write the letters down one after the other. 

Ex. I. Multiply 12a by —3ft : 

12a X — 3ft=— 36aft. 

Ex. 2. Multiply — 4aVy* by -2a"xy 

— 4aVy« X — 2a^xy =8a* + V +y ^»=8a»x»y». 
Ex. 3. Multiply — 5a-*aHky-* hy — |a*x*y-^ 

Proof. Rule Imo. will appear from considering that 
Multiphcation is only another form of Addition. 

1. +2 X +3 means that +2 is to be added 3 times and 
therefore equals + 6. 

2. -f 2X— 3 means that +2 is to be subtracted 3 times, 
and therefore equals —6. 

3. —2X4 3 means that —2 is to be added 3 times and 
therefore equals — 6. 

4. —2 X —3 means that —2 is to be subtracted a times 
«nd therefore equals -f 6. 



For the swne reason + tfX+6=+o6: +ax — fc=:— nfi ? 

Cor. The sign for any number of factors may be found 
by the same rule : thus 

'+ax+6x — c=i-a6x— <? = — ahc. 
+ ax +6x — ex — 6?=+a6x -\-cd=^'\-abed. 

To prove Rule 2do. we premise that it is immaterial in 
whi^t order the letters are placed : thus 

abc=bca or' acb or bac, 
just as 2 X 3 X 4=3 x4x2 or 2x4x3 or 3x2x4. 

Hence 5aX3&=5 x 3 x ayb=l5ab. 

Rule 3tio. appears from the definition of an index in 
page 4 : thus 

a* X a*=(a X a) X («+ a x «)=« x ax ax ax a=:c^, i.e. a "*■*' 

a' X d^=(a xaxa repeated n times) x (a x a x a repeated 

0t times) zi*a xaxa repeated n + m times = a" "*" ". 

Case II. 

IF%6n the Multiplicand is a compound <md the Multiplier 

a simple quantity. 

Rule. Multiply each term of the multipHcand by the 
multiplier, (by Case I.) and set the products down one after 
another. 

JEx. 1. Multiply a4-^ by c. 

(a + ft) Xc = ac-\-bc. 

Ex. 2. Multiply 7a + 3ax — 4b*x by 6abx. 

{7a 4-3aar-4ft*x) x 6abx=i2a*bx+ ISa'ftx*— 24a*'jf». 

Ex. 3. Multiply Sa'b-* + iti*c by fa" '6-V. 
(3a'6-' + ia*c) X -lii-^ft-Vssia'A- V-f^o'ft^V. 

Proof, a-f 6 is to be added e times : t. e. a is to be 
added c times and +6 is to be added c times and the result ia 
therefore ac-|-6c. 
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Case III. 

IFhen both the Multiplicand and Multiplier are compound 

quantities, 

B.U LE . Multiply the multiplicand by each term of the mul> 
tipHer, (by Case 2. ) and collect all the products into one sum. 

Ex. 1 . Multiply a + bhj c-^d, 

a-^-b 
c—d 

ac+bc 

— ad — bd 

ac+bc — ad — bd 



Ex. 2. Multiply 5a+3^+y^y3a+ 2x. 
5fl-f.3a:+y 
3a+2j 

15a*+9ax+3ay 

+ I0ax'^6x*-\'2x y 

15fl*+ 19flX"f 3gy + 6x*4-2jy 

Proof. a+^ is to be taken c — d times : t. «. it is t6 
be added c times and subtracted d times, and the result is 
therefore ac+bc-^ad^bd. 

a-h6 a— ^ a+b 

a-^b a-^b a — b 

a*+oft fl* — ab a^ + ab 

+fl^+^* --ah+b* -^ab'-'b* 

a*+2a^+6» a«— 2aA-h6* a^ * —b* 



Hence 1 . The square of the sum of two quantities equals 
the square of the first, plus twice the product of the quantities, 
plus the square of the second. 

2. The square of the difference of two quantities equals 
the square of the first, minus twice the product of the quan- 
tities, plus the square of the second. 

3. The product of the sum and difPerence of two quantities 
equals the square of the first, minus the square of tbue second. 
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DIVISION. 

Division is divided into three cases. 



S-w-v 



Case I. 

Tf^hen both the dividend and divisor are simple quantities. 

Rule. Attend to three things^ the signs, the coeffi- 
cients, the letters. 

Imo. Like signs produce +» and unlike — . 

2do. Divide the coefficients as in Arithmetic. 

3tio. If the letters be the same, subtract the index of 
the divisor from that of the dividend : if different^ place 
the letters of the divisor under those >of the dividend^ in the 
form of a fraction. 

Ex, 1. Divide 15a* by 5a'. 

15a* -T- 5a' = 3a*'" » = 3a'. 
Ex. 2. Divide — 18aVy by 9ax««. 

— 18aVy-r9ax««= ^sa 2. 

z e 

Ex. 3. Divide ^a^'x^y" by -|ax-"y-". 
ia-*x'y'"4-lax- 'y * "= la"*- V"*" 'y« + n_ ^ar^x'y'^ + •. 

Proof. Rule 1, will appear from the rule for the signs 
in Multiphcation. 

4-a// +ax+6 



2. 



3. 



4. 



-fa 




+ « 


T </• 


— a* 




— ax +6 






= 


'—— =5 


+ 6. 


—a 




— a 




+aA 




—ax —h 


1 




SZ5 




—4. 


— a 




— a 




--ah 


— > 


+ ax— 6 


-5. 


+a 




+a 


c 



t. 0. like signs, produce + • 



i.e, unlike signs, produce— . 
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Rules 2 and 3 are similarly proved. 

ba 

€^ _ axaxa ._. 

— =a, t,e, or '. 

a* ax a 

a" ax ax a repeated m times 

;^=axax« repeated ntimes = ^^^^«'^P^**^^'»-'* 
times = 0"^°. 



Cor. 1 . Any quantity to the power of = 1 : 

For--=l: but— = a"-" = aO. 
a" a* 

.-. a°=l. 

1 
Cor. 2. a-»— - 

a" 

For, — =a«-"and.-. if m = 0, - r=:a°""=a-ii. 

0° 1 1 

but — =•- (Cor. 1.) .-. — =sfl-«». 

Vice Tcrsft, a°= — . 



Cor. 3. A quantity may be removed from the nu- 
merator of a fxaction to the denominator, and vice versd, by 
changing the sign of its index. 

Since a* = — ; and 6— ' = — (Cor. 2). 

a* 1 i-* 

0^ a *b^ a^ 
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^ Case II. 

When the Dividend is a compoundy and the Divisor 

a simple quantity • 

Rule. Divide each term of the dividend by the divisor 
'(by Case 1). 

Ex, 1. Divide ac^hc by e, 

(ac+ 5c) -7- c = a+ ft . 

Ex. 2. Divide 3<r'5V*-12a6'c+ 15a*6» by 3a5'(?. 

ba*h^ 
(3a'ftV-12aft'c-|-15a*50"="3«ft'c=«'*'<?'-4ft + . 

Ex. 3. Divide Ja-'x'—ia^c'x-* by 2a^x-«. 

Proof, (a + 6) x <?=ac+ftc, by Case II of Multiplica- 
tion .•.(««+ ftc)-r-c=a+ 6. 

Case III. 
fF%«n both the Dividend and Divisor are compound quantities. 

Rule. Arrange the terms of the divisor and of the divi 
dend according to the powers of some one letter common 
to both, beginning with its highest power : find how often 
the first term of the divisor is contained in that of the divi- 
dend, and place the result in the quotient : multiply the divi- 
sor by this quotient : place the product under the dividend 
.and then subtract it. 

JBring down as many terms of the dividend as may be 
necessary : consider this remainder as a new dividend and 
proceed as before* 
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Ex, 1. Divide 3a*6+a»+ 6'+3a5' by a«+ h^ + 2ab. 

a»6 + 2a6«+6» 



Wc arrange the divisor and dividend according to the 
powers of a, putting a* before 2ahy and 2ah before 6* : as 
also, a* before 3a*i, &c. Now a* the first term of the divi- 
sor is contained a times in a' the first term of the dividend, 
and therefore a is the first term the quotient : we multiply 
the divisor by a and place the product a^ + 2a*6+a6' under 
the dividend and subtract: the remainder is a'6+2a^*to 
which we bring down +6^. As a* is contained ■\-b times in 
a*6, the first term of the remainder, we place +5 in the 
quotient, and multiply and subtract as before : there is no 
remainder and the operation is concluded. 

If there be a remainder, it with the divisor underneath it 
must be afiixed to the quotient. 



Ex. 2. Divide a'— jc' by a f x. 

— «'x— x* 

— a*x — ox* 

«x*— X* 
£rx«-fx» 
■"^2x" 
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EQUATIONS. 

1. An equation is an equality which exists amongst 
quantities, some of which are known and others unknown, 
which equality is denoted by the sign = : thus 

(1) x=a+b. 

(2) 2xi-4=6x+7— 9a. 

2. The terms of an equation are the quantities of which 
it is composed : thus in (2) the terms are 2x, +4, 6x, + 7, 
—9a. 

3. Equations are classed according to the highest power 
of the unknown quantity which they contain : thus in a 
simple equation the highest power is 1 : as a:=5. 

quadratic 2 : as x« + 2jr=10. 

cubic 3 : as x*— 3x*=r4a:— 5. 

4. The root of an equation is that quantity which, 
when substituted for the unknown quantity, makes both 
sides of the equation equal : thus in x-\-3^=i7y the root is 4 : 
for, substituting 4 for x, we have 4 + 3=7. 

5. The solution of an equation is the finding its root, or 
the Talue of the unknown quantity. 

On the solution of simple equations, 

6. In the equation x=a, the value of jr is known : if 
therefore we can reduce an equation to this form, the value 
of the unknown quantity will be known. This may be done 
by rules founded upon the axioms, 

1 . If the same be added to equals, the sums will be equal. 

2. If the same be taken from equals, the remainders will 
be equal. 

3. If equals be multiplied by the same, the products will 
be equal. 

4. If equals be divided by the same^ the quotients will 
be equaL 
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Rule I. 

7. Any term may be transposed from one side of an 
^equation to the other by changing its sign. 

^x. 1. If x-f 3=7 

then x=7— 3. 

£x. 2. If4x-8=3x+20 

then4x-3x=^20i-8. 

Proof. Tlie same quantity being added to, or sub- 
tracted from each side, the results are equal, by Ax, 1 and 2. 
Thus in Ex. 1. if x-|-3'=7, then subtracting 3 from both 
sides x-\-3 — 3=7 — 3. i. e. a:=7 —3. In Ex. 2. 8 is added 
to, and 3x subtracted from each side. 

Rule II. 

8. If each side of an equation be diyivled by the same 
quantity^ the results will be equal. 

Ex. If5it=10. 
then, dividing by 5,x=2. 

Proof. Equals being divided by the same quantity 5, 
the quotients are equal, by Ax. 4. 

N. B. — ^These two rules are sufficient for the solution of 
equations of the simplest forms. 

Ex. 1. 3x— 5=23— X 
transposing, 3x 4-x=23 f 5 

.•.4x=28 
dividing by 4, x=7 

Ex. 2. 6X--20 = 100 f 4x - 3x 
.transposing 6x— 4x-l-3x=100 f 20 

.•.5x=120 
tdividing by 5» x"=24. 
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On Molving Problems by mearu of Equations. 

The solution of questions is effected by expressing alge- 
hraiccdly, what in the question is expressed by words. Ta 
do this, first represent the quantity sought by x : next find 
expressions for the several quantities mentioned in the ques- 
tion : then express the relation between these quantities by an 
equation. 

Ex. 1 . What is the number to the double of which if 18 
be added, the sum will be 82 ? 

Let x=the number 
then 2j7-f 18=double the number with 18 added. 
Now this is to be equal to 82, 
.•.2x-f 18 = 82 
whence 2x=:82— 18=64 

and x=32, the number required. 



Ex, 2. A, B, C, have together 7^£ : B has 10^ more 
than A, and C as much as A and B together. How much; 
had each? 



Let x=what A had. 

then x-\ 10= what B had. 

and 2 r+ 10 = what C had. 

Now they had together 7^£. 

.•.4x+20= 76 

.*. 4jc r=:56 

and x= 14^ what A had. 
x-h 10 = 24^ what B had. 
2x+ 10 = 38^ what C had. 



18 

FRACTIONS. 

To find the greatest common measure of two quantities, 

1 . A common measure is that quantity which will divide 
two or more quantities without remainder: the greatest 
quantity which will do so, is the greatest common measure : 
thus of 2abxy, Ahx^y, Qabx^i/ the common measures are 2, 2x, 
2hx, 2hxy, and the greatest common measure is 2bxi/. 

2. Of simple quantities, and some compound ones, the 
greatest common measures may he foimd at once : thus, 

of 20 a*d and 5aa! it is 5a : 

of (a«— &«)x«y and (a* 4 2ab^-b*) y* it is (a+%. 

3. In other cases, the greatest common measure may 
thus he found : 

Rule. Arrange the quantities according to the powers 
of some letter : divide the greater by the less, and the pre- 
ceding divisor by the last remainder, and so on till there is 
no remainder, the last divisor will be the greatest common 
measure. 

JSx, Find the greatest common measure of 2a? + 1 4- Jf' 
ftnd2x«+ir'+2ar+l. 



x' + 2a?+l)r»+2x«-f-2x+l(x 
x»+2x«4-x 

x+l)x«-4-2a?+l(x+I 
j'4- X 

ar+1 
x+1 



We arrange the quantities according to the powers of x : 
we then divide, and have a remainder x4- 1 : we divide the 
former divisor .r*+ 2x4-1 by this remainder : there is no re- 
mainder, and x4- 1 is therefore the greatest common measure. 
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4. If the first term of any divisor is not contained exactly 
in the first term of the dividend, multiply the dividend by 
such a quantity, as will make the division succeed : also, a 
factor not common to both the divisor and dividend may be 
left out, since it cannot enter into the common measure. 



f * 

Ex, Find the greatest common measure of 8y'— 4y* — 

2y+l and 12y^+4y«--3y— 1. 



12y^ + 4y«-3y-l 

2 



8y'^4y«-2y+ l)24y^ + 8y«-«6y-2(3 

24y^— 12y'->6y+3 
20y' —5 
dividing by 5, 4y« — l)8y* —4y«— 2y + 1 (2y— 1 

8y^ -2y 
-4y« -h 1 
— 4y« +1 



.*. 4y*— 1 is the greatest common measure. 



As Sy' is not exactly contained in 12y*, we multiply 
by 2. The remainder is 20y*— 5, which we divide by 5, a 
quantity which will divide it, but not the dividend. 



Paoop. See Appendix. 
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REDUCTION OF FRACTIONS. 

Lemma 1 . A fraction is multiplied by a whole num- 
ber, by multiplying the numerator by it : thus f x 5sss igp : 
for the product must be 5 times as great as f , which y> s, 
since 10 is 5 times as great as % whilst the divisor 3 is un- 
changed: similarly --xcss-r. 

6 6 



2. A fraction is divided by a whole number, by multi- 
plying the denominator by it : thus -J -7- 5=t^ : for the quo- 
tient must be 5 times as small as -7, which iV is, since 2 
remains the same, whilst the divisor is 5 times as great as 

before: similarly j-J-c = —. 



3. Similarly, a fraction may be multiplied by a whole 
number by dividing the denominator, and divided by di- 
viding the numerator : thus 4 x 3^^^ : and 4-t-3==^. 



4. If the numerator and denominator of a fraction be 
both multiplied or divided by the same quantity, the value of 

the fraction is not altered : thus 7-==- : for (Lem. 1) when we 

o be 

multiply the numerator by c, we multiply the fraction by c, 
and (Lem, 2) when we multiply the denominator by c, we 
divide the fraction by e : therefore, as we multiply and di- 
vide the fraction by the same quantity e, we do not alter the 



value of the fraction. Similarly t=-t-» 
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Case I. 

To reduce a Jraetion to its lowest terms. 

Rule. Divide the numerator and denominator by their 
greatest common measure. 

Ex, 1 . Reduce ^ ^ ■ to its lowest terms. 

4a'cxy 

The greatest common measure is ojcy : 

flurry X 
Aa*cxy Aac ' 



Ex, 2, Reduce - — -r rr to its lowest terms. 

x*-h26x+6* 

x'— *«x 
dividing by x, x*— 6*)x* + 2*x 4- **( 1 

X* — y 
26x+2*« 

dividing by 26, x+6)x'— 6'(x— 6 

-*x~6' 



/. The greatest common measure is x+6, 

, 2bx+2b* 2b 
and -—z — rr-= — 7. 



Proof. Lem. 4 
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Case II. 

To reduce a mixed number to an improper fraetion. 

Rule. Multiply the integral part by the denominator 

of the fractional part : to the product annex the numerator 

.of the fractional part (adding or subtracting as the sign 

before the fraction is -f or — ), and under the result place 

the denominator. 

J^x 1. Reduce a +- to an improper fraction. 

. b ac+6 
c c 

Ex.2. Beduceo-i-?^ to animproper fraction. 

a— i a— i 

^ a ac ,- ^^ b ac b ac+6 

Proof, a or— = -*- {Lem, 4) .•. a+-= — \- -= . 

I € c c e c 

Case III. 
To reduce an improper fraction to a mixed number. 

Rule. Divide the numerator by the denominator : the 

anotient will be the integral part, and the remainder with 
tie denominator under it the fractional part. 

Sx. 1. Reduce to a mixed number. 

c 

ac-\-d , d 

= ai — • 

e c 

Ex. 2. Reduce ^ to a mixed number. 

10x"->5a?— g4-3 ^ g— 3 

5x 5x 

fx o- . ^ ^^"^^ /^ TTv ae-^d . d 
Proof. Smce af -= (Case II) .*. ==«+-. 
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Case IV. 

To reduce fractions to others of equal value having a 

common denominator, 

Rtjle. Multiply the numerator and denominator of each 
fraction, by all the other denominators. 

„ „ ^ a 35 46» 

Ex, Reduce — , — ,, —r- to a common denommator. 
2c a 3 

Sad 



a 
2c 


a 
"^2c 


d 

X-;X 
a 


3 _ 
3 ~ 


36 

d 


_Sh 


2c 
^2-c^ 


3 _ 
3 ~ 


Ah* 

i 

3 ■ 


" 3 


2c 

X— - X 

2c 


d 


Sad 


185c 


85W 


it 



6cd 

185c 
6cd ' 
85W 
6cd' 

^-^> T-T> -^?-T 8-^6 *^c fractions required, 
oca oca oca ^ 

If the denominators have some of them a common mea- 
8iu*e> find the least common multiple of all the denomina- 
tors, and multiply the numerator and denominator of each 
fraction by such a number as will make its denominator 
equal to that common multiple. 

__ _ _ a5 a' 4x 

Ex, Reduce -^,-7-;,, :r-«> ^ * common denommator. 
ca OCT 3c* 

Here Sbc'^d* is the least common multiple, and 

€A_ab Shed __ SaJ**cd 

cd~7d^ Sbcd^Sb^' 

a« a« 3c» 3aV 



bd" bd" ^ 3c» ~Sbc''d*' 

4x 4x hd^ Abd^x 

3?""3c*^ 5rf*""3A?^' 

Sailed 3a'c' Abd^x ^ ^ . 

•*• 57T3P ^7T3:> ^TTJk ^^ *"^ fractions required. 
36c*fl?* Sbe^d" Sb^d* ^ 

Proof. Lem. 4, 
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Case V. 
To (idd fractional quantities. 
Rule. Reduce the fractions, if necessary, to a common 
denominator (by Case IVJ : add together the numerators of 
the fraction so found, and under their sum place the com- 
mon denominator. 

Ex, Add tofirether — 7- and --. 
^ b 2d 

a+_5 a-\-x 2d ^^ 2ad-\-2dx 

h V ^ 2d~ 2hd ' 

c ^^^ c h be 

2d ~ '2d ^ I ~2bd 



2ad+2dx+be 



is the sum required. 



2bd 

To add mixed numbers, add the fractions by the above 
rule, and to their sum affix the sum of the integral parts. 

Ex, Add together 3a + and a + — . 

18x 5_90j 8x 9 _72x 

9 ^ 5"* 45 ' 5" ^9 "" 45 
^ , 162x 180a+162a? . . . , 

••• ^" + -45- = 45— ^^ '^' ^^"^ '^^^'^^• 

Case VI. 

To ntbtract Jractional quantities. 

Rule. Reduce the fractions, if necessary, to a common 

denominator (by Case IV), subtract the numerators, and 

under their difference place the common denominator. 

XT T.-. 9x^, 2x+l 
Ex, From — take — — . 

9a? _ 9x 3 _27x 

T "" "2" ^3 6" 

2j+1 _ 2x+1 2 _ 4x4-2 

"1 3 ^2"" 6 

.'. — - — is the difference required. 
6 

a c ad be ad^be 

Proof, t + -, = 1-, i 



h " d bd " bd bd 
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Case VII. 
To rmdtiply fractional quantities. 
Ru LE . Multiply the numerators together for the numera- 
tor, and the denominators for the denominator of the product. 

a c 
Ex, 1. Multiply^ hy ~. 

a c ae 

Proof. Ex. 1. - x c = -7- (Lent, 1). But we had 

6 o 

(* 

to multiply not by c, but by — , a quantity £? times less thane: 

ac 
the product -j- is therefore d times too large : hence the 

ac ac 

true product is — divided by.rf, t. e, r-^ (Lent, 2). 

If any of the numerators contain factors common to any 

of the denominators, those factors may be struck out. 

^ ^ ntir 1 . ^ , 3a* 86c dx 

Ex, 2. Multiply together —, — , — . 

3fl' 86c dx 3fl' X 86c xdtV a x 4 x a: Aax 

26"^ a5^ "9?"" 26xafl?x9c« "" lxlx3c "" "Sc* 

Case VIII. 
To divide fractional quantities. 
Rule. Invert the divisor and proceed as in multiplication. 

Ex, Divide — by --. 

d 

a ^ c a d ad 

b ' d b c be 

Proof, -j -t- c=:-^ (Lem, 2) . But we had to divide 
o be 

not by c but by ~, a quantity d times less than c : the 
quotient •— is therefore d times too large : hence the true 
quotient is r- multiplied by d, i, e, -r- {Lent* !)• \ 
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EQUATIONS. 

Oh the Solution of Equations which contain one or more 

/Tactions, 

Rule. Clear the equation of fractions, by multiplying 
both sides by the least common multiple of the denominators, 
and then apply the rules (page 16). 

XX X 

Ex, Solve the equation tt ^ o = 13 — -. 

2 3 4 

Multiplying by 12 the least common multiple of 2, 3, 4 
we have 6ar+4a?= 156 — 3x 
transposing, 6a?+4a? +3x= 156 
.-. 13a:=156: and a: =12. 

Proof. Since equals are multiplied by the same, the 
products are equal. 

N. B. — ^When there are several fractions, it is better to 
clear the equation of fractions gradually. 



„ 6x+8 5x+3 27-4x 6x4-18 
^^- "Tl 2~="3 1— • 

Multiplying by 4,gli±^-^10x~6== ^^^7^^'' --6x.-18. 

11 3 

. 24xf32 ^ 108— 16x ,„ 

transposmg, — -j 4x=: 12. 

11 3 

multiplying by 3, ^^il^-^ 12x=108-16x-36. 

^ 72X+96 ^^ . 
transposmg, =72— 4x. 

multiplying by 11, 72x^96=792— 44x 
transposing, 116x=:696, and .*. 
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Questions producinff equations containing fraetums. 

Ex, 1 . What number is that whose third part exceeds 
its fourth part by 16 ? 

Let X = the number, then — = its third part, and — = 

4 

its fourth part, and since the difference of these parts is 16, 

^-f=16 
3 4 

clearing equation of fractions, Ax — 3x =192 

.'. a? = 192, the number required. 

Ex, 2. Divide ^128 among three persons, so that the 
first may have three times as much as the second ; and the 
third, one third as much as the first and second together. 

Let x=:the share of the second, then 3x = share of the 

Ax 
first, and -^ = share of the third, and since ^128= the 

whole sum, o . 4* , ^o 

X -1-3x4--.= 128 

clearing equation 3x+9x4-4x=384 

of fractions, . • . 1 6x = 384 

4x 
whence x = 24, and 3x = 72, and —= 32. 

•5 

Ex, 3. How many trees are there in an orchard con- 
taining 3^th pear trees, -f th apple trees, and 26 trees of other 
kinds; 

X 

Let x = the number of trees, then -= the number of. 

5 

3x 
pear trees, and — = the number of apple trees, and since 

the pear and apple trees with 26 of other kinds equal all in 
the orchard, 

* 3x 

Hence 7x + 15x + 910 = 35x 
transposing, 35x— 7x— 15x=9l0 

.*. 13x^:910: andx=70, the number of trees. 
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On Simple Equatums imoohing tujo unknown quantities. 

This class of equations is of the form 

ax-^by =c 
dx^ey=f. 

Rule 1 . Clear each equation (if necessary) of fractions, 
collect the unknown quantities on the left hand, and the 
known on the right of each equation, so that they shall he 
reduced to the ahove form : then multiply or divide each 
equation hy such a quantity, as will make the coefficients of 
one of the unknown quantities the same in hoth : then add 
or subtract, as the signs of that unknown quantity are differ- 
ent or the same, and there will result an equation involving 
only one unknown quantity, whose value may thence be 
found : substitute this value in either of the original equations, 
and there will result an equation involving only the other 
unknown quantity, whose value may be found. 

Ex. 1. 5x-f4y=42 
9x + 3y=63. 
Multiplying the 1st equation by 9, and the 2nd by 5, 

45xf36y=:378 

45jr4-15y=315 

by subtraction 21y= 63 

* * V"— « *y 
substituting 3 fory 5a? -|- 12=42 
in 1st equation .*. 5x^:30 

and x^ 6 
.'. xz=Q and y= 3. 

s 2 5 

4 2^3 
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clearing 1 st equation of fncdonSy 1 5x -~ 25y + 30s34x-f 2y 

tran^sing, llx—27y=— 30(A) 
clearing 2nd equation of fractions, 96— 3x+6y=6j:+4y 

transposing, 9a: - 2y=96 (B) 
multiplying (A) by 9 and (B) by 1 1, 

99x— 243y=-270 
99a?— 22y= 1056 

by subtraction, — 221y=— 1326 

.'. y=6 
substituting 6 for y in (B), 9a?— 12=96 

.-. 9x=108 
and ar=:12 , 
.*. x=12 and y=6. 

Rule II. In either of the equations, find the value of 
one of the unknown quantities in terms of the other and of 
the known quantities : for it, substitute this value in the other 
equation, and there will result an equation containing only one 
unknown quantity, whose value may thence be found : and 
this value substituted in the expression for the other un- 
known quantity, will give its value. 

Ex. 3x+2y=118 
x^5y=191. 
By transposing 2y in 1st equation and\Mviding by 3, 
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substituting this value of x in 2nd equation, 

118— -^y . ^ 

^+5y = 191 

clearing of fraction, 118— 2y 4- 15y=-r);"3 
transposing, - - ^ y ^1 5y :=573 — 1 1 8 
.*. 13y=455 and y — 35. 

. ,,^ 118—70 48 ,^ 

substituting 35 for y m (A), x=: — - — = --- =16. 

,*. ar=16 andy^rS^. 



30 

Rule III. Find firom each equation an expression for 
one of the unknown quantities : put these expressions equal 
to one another and you will have an equation containing only 
one imknown quantity, whose value may thence he found : 
this yalue substituted in either of the above expressions, will 
give the value of the other unknown quantity. 



Ex, -3_ + 8y=31 
^^ +10as=192. 



Clearing 1st equation of fraction, jr+2+24y=^93 

transposing, a;=91—24y (A) 

clearing 2nd equation of fraction, y+54-40jr=768 

transposing, 40ji:=763--y 
. _763-y 



40 



(B) 



equating the expressions for x, 91— 24y = 

clearing of fraction,* 3640— 960y=763 — y 
transposing^ 959y=2877 

2877 



959 
substituting 3 for y in (A), x=91— 72=19 

.*. a7r=:19 and y:=3. 



31 

On the solution of single equations containing three 

unknown quantities. 

Rule. By Rule (page 28) find from two of the equa- 
tions an equation^ involving only two of the unknown quan- 
tities, also from the remaining equation and either of the 
others find, in like manner, an equation involving the same 
two unknown quantities: from these two equations, the 
values of the two unknown quantities may be found, and by 
substituting those values in any of the original equations^ 
the value of the third unknown quantity may be found. 



Ex. x-l-y-}-r=29 
x + 2y+3«=62 



'+?+*= 10 



Subtracting 1st equation from 2nd,. 

y-f 22=33 (A) , 
Multiplying 1st by 6, and 3rd equation by 1'?, 

6a?+6y+6-r=174 
6x+4y-l-3r=120 



by subtraction, 2y -f 3z=54 

multiplying (A) by 2, 2y + 4r=66 
by subtraction, ;?=12 

substituting for z in (A), y -f 24=33 

substituting for y and r in 1st equation, 

ar+9+12=29 



.•. x=8 : y=9 : fit:^12. 
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Questions producinff equations containing two unknown 

quantities. 

Ex, 1 . What fraction is that, to the numerator of which 
if 1 he added^ its value will he \ : hut if 1 he added to the 
denominator, its value will he ;|^ ? 

Let — = the fraction. 

y 

then = the fraction with 1 added to the numerator, 

y 

and = denominator. 

y-f 1 

Therefore = « ^'^d — — := — 

y 6 y+1 4 

Hence 3x-V-3=y and 4x=:y+l 

transposing 4x— y= 1 

and 3x — y= — 3 

hy subtraction, x =r 4 

and y = 4x -1 = 16-1 = 15 

— is the fraction required. 
"15 

Ex, 2. A garrison consists of 1250 men, partly infan^ 
try, and partly cavalry. Each horse-soldier's pay is £b per 
month, and each foot-soldier's £Z, If the monthly pay of 
the garrison be ^150, how many horse and how many foot- 
soldiers does it contain ? 

Let X = the number of infantry, 
and y = the number of cavalry, 
then 3ar = monthly pay of infantry, 
and 5y = monthly pay of cavalry. 
Therefore x4-y=1250 
and 3xf5y = 4150 
multiplying 1 st equation by 3, 3x + 3y = 3750 

and 3j:-|-5y = 4150 

by subtraction, 2y = 400 

.•. y== 200 cavalry, 
and j: = 1250—200 = IOjO infantry. 
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INVOLUTION. 

Involution is the raising a quantity to any proposed 
power. 

On the involution of simple quantitiea. 

Rule 1 . If the sign of the given quantity be +, all the 
powers will be + : if it be — , the even powers will be -f , 
and the odd powers will be — . 

2. Raise the coefficients as in whole numbers. - 

3. Multiply the index of each factor of the literal part 
by the index of the proposed power. 

Ex. 1 . The 2nd power of 20* = 40^ '^ *= 4a^. 

2. The 3rd power of — 7ab^ = — 343a' ^^b'""' 
= — 343«'*". 

To raise a fraction, raise both the numerator and deno- 
minator to the given power by the above rule. 

T, ri^.,. ^2a5-« 16a'^^*-«^* I6a*b'* 

Ex. The 4th power of -^= X^X4ynX4 = ^.yn ' 



Proof. Rule 1. If + a be muItipHed by itself owce, tmce, 
three times, &c., the results will be -fa', 4-a^, +«*, &c. 
where the signs of all the powers are +. If the same be 
done with — a, the 2nd power will be +o' : the 3rd, -^ a* : 
the 4th, -!-<r* : the 5th, —a*, &c., i. e. the even powers are 
+, and the odd — » 



Rule 3. The 2nd power of a = a x a = a*, i. e. a* ^ *, 

. . 3rd power of a'=a' x a? X a*=a®, i.e. a* * ' 
.. nth power of a"= «" X a"» X a°* X &c. ton 
factors =fl"° i.e. a" >< ■>. 
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On the involution of compound quantities. 

Rule. A compound quantity may be raised by multi- 
plying the quantity by itself as many times save one as is 
<lenoted by the index of the power, but more readily by the 
Binomial Theorem, which will be given hereafter. 

Ex. a+b. '. The root, 
a+b 

a^ + ab 



a*+2ab'\'b*. . 2nd power. 
a-\-b 



-fa'64-2a6«+^ 



a*+ 3a'6+3a6'+6*. . 3rd power, 
a-f-ft 






a* + Ac^b + 6a*6' + Aab^ \- b*. .4th power and so on. 

To find the 2nd, 3rd, &c. power of 2a— d+3x+y, we 
may divide it into two parts, thus. 

(2fl-ft) + (3a?+y) . The root. 
(2a-ft) + (3x+y) 

(2a-6)»+ (2a-6)(3x+yJ 

+(2a— 5)(3x+y) + (3xiy)« 

(2a-6)* + 2(2a-6)(3xiy)+(3x-^y)^ . 2nd power 
«:4a«— 4a6 + 6« { 12aj— 66x + 4ay— 2dy-f 9xH6xy-ry'. 
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EVOLUTION. 

Evolution is the finding the root of any given quantity. 

Case I* 

On the evolution ofnmple quantities. 

RiTiiE 1. If the sign of the given quantity be -h, any 
even root will be + or — ; and any oM root must be + : 
if the sign of the given quantity be — , the odd roots will be 
— , but no even root can be taken. 

2. Extract the root of the coefficients as in whole num- 
bers. 

3. Divide the index of each factor of the literal part by 
the index of the proposed root. 

Ex. 1. The square root of 16a'=ss + 4tfi=ai 4a. 

2. The 3rd root of — 64(^b^c= — 4tf* 5* c* = — 4a*bci. 



To extract the root of a fraction, extraet the root of both 
numerator and denominator. 

/T<58 a* bi ab* 

Ex. The 4th root o^ 



^'^ ?3 c'^' 

Proof. RuLe 1. Since «*=4-o x +« or — a x — a, 

.*. V^^'rs+a or — a. 

Since a^^^-\'a x + « x +a only, 

.'. ^a*=^+a only. 

Since the odd powers of — a are — o', —a*, — a'', &c. 

.•. -v^— fl% v^ — a*, l/^d^i &c. are each —a. 

Since all even powers are +, there can be no even root of 
a quantity whose sign is — . 

3. Since the square of «=a' .'. square root of a* = a i. e. «*• 

10th power of a«=s=««° .-. 10th foot of a^ssa i.e. a **• 



mo 
nan 



. . . . mth power of a''=a'^'* .\ mthroot of a ==a"t. e.a™ * 

F 
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Case II. 

To extract the square root, of compound quantities. 

Rule. Arrange the terms according to the powers of 
some letter : find the square root of the first term and put it 
in the root. 

Place the square of the root thus found under the first 
term: subtract and bring down the next two terms. 

Double the root already found, and divide the first term 
of the remainder by it, and place the result in the root 
and also in the divisor. 

Multiply the divisor thus found by the new root, and 
subtract tne product from the remainder : then proceed as 
before, till all the terms are brought down. 

Proof. By comparing a quantity as «+& with its 
square a'-|-2a5+&*, and retracing our steps we arrive at 
thisrule. (a+ &)«=««+ 2a5+ i« .*. v'(a»+2a5 f &«)=«+ 6. 

Let us then see how a-\-b can be obtained from 



2a-|-5)2a5-h6' 
2a6+&' 



Arrange a*-{-2ah-\-h^ according to the powers of a : the 
first quantity sought is a, which, we observe, is the square 
root of the first term a* : we therefore take the square of the 
first term and put it in the root, then we square a, place a* 
under the first term, subtract it, and bring down the next 
two terms 2ab-\-b^. The next quantity sought is +6, and 
we get it by dividing 2ab by 2a, twice the root found: 
we put 4-6 in the root and divisor, and mjultiplying by + 6, 
arid subtracting we have no remainder. 
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If there be more terms we should have considered (a+6) 
as the quotient^ and proceeded as above. 

Ex, Extract the square root of- a* 4- 2fl6 + 5* + 2ac 
-f26c+c'. 

a«+2flA+i*+2acH-26c+c«(a+6+c 



2a6+6* 



2(a+6)+<? or 2a+26+c)2ac-|-26c+c» 

2flw?+26c+c» 



When the root cannot be found exactly, as many terms 
of it as desired may be found by the above method. 

Ex, Extract the square root of l+^< 



X x* . x** 



l+x(l+5-^+^-&c. 

1 



2+|)x 














X- 


X* 

+ 4 












x*\ 


X* 




~4 














X* 


x» 




X* 








"■4 


8" 


-r 


64 






x« 
+x— — 
^ 4 


x'^x x' 

"*" leys' 


— 


X* 

64 








x" 
8 


+ 


X* 

16 


64^ 


x^ 
256 








5x* 


X* 


x« 








^^ 


64 


•*"64- 


256 
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CA8B III. 
To extract the eube root o/eony^ound fuantiiies. 

Rule. Arrange tlie terms aooording to the powers of 
some letter. Find the cube root of the first term and set it 
in the root. 

Place the cnbe of the root thus found under the first 
term : subtract and bring down the next three terms. 

Square the root already found and multiply it by 3 : 
divide the first term of the remainder by it and place the 
result in the root. 

Multiply the terms of the root thus found together and 
their product by 3, square the last term of the root, and 
plaoe the sum of these insults in the divisor. 

Multiply the divisor thus found by the last term of t}ie 
root : subtract the product from the remainder, and so on 
till there is no remamder. 

Proof. Since (a+5ys=a^-V-3a*5-|-3ai'4*^, the inverse 
process will be similar to that shewn in square root. 



3a' + Sab + b*)3a^b + 3a6« + ^ 
3a«5+3a5*+5' 



Ex. Extract the cube root of x*— 6x*+15x*— 20x'+ 15x* 
— 6x+l. 

jcfi— 6ar*+ 15x*-20x'+ 15x*— 6x+ l(x*— 2x+ 1 



x« 



3x*— 6ar»+4x')— 6x*+ I5a?*— 20x^ 

— 6a?*+12x*— 8x» 



3x*-12x'+15x«— 6x+l)3x*— 12x-+15x*— 6x+l 

3x*— 1 2x' 4- 1 5x*— 6x+ 1 
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QUADRATIC EQUATIONS. 

Pure quadratics are such as contain only the square of 
the unknown quantity : as Sx*— 43=3. 

Adfeeted quadratics are such as contain hoth the square 
and first power of the unknown quantity : as or*— 6jc=7. 

Case I. 

To 9ohe Pure qucidratic equations. 

Rule. Clear the equation of fractions (if necessary) : 
transpose as in simple equations^ and extract the root of 
hoth sidies. 

« 

Ex. 5jc*— 43=2 
transposing, 5jc'=2+ 43=345 

• -«=¥=9and*=±3. 
5 



• • 



N. B. — ^Any equation containing only one power of the 
unknown quantity may he solved in this manner. 

Ex. 7x»-35=6r*— 8 
transposing, 7**— 6«'=35— 8 
.*. x^=27 and x=3. 



Case II. 
To wive Adfeeted quadratic equations. 

Rule 1. Clear the equation of fractions (if necessary) : 
transpose so that the unknown quantities shall he on the 
left, and the known on the right, arranging the unknown 
quantities according to their powers, placing the square first. 
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Add to both sides, the square of half the coefficient of 
the second tenn, and the side involving the unknown quan- 
tity will be a complete square. ' 

Extract the square root of both sides, and there will 
result a simple equation from which the value of the unknown 
quantity may be found. 

Ex. x»=33— 8ar. 
Transposing, x'+8a?=33 

completing the square, x*+8x+ 16=33+ 16^9 

extracting the roots, x+4=t7 

.-. a?=+7— 4=3or— 11. 

2. If the term involving the square of the unknown quau'^ 
tity have a coefficient, ' all the equation must be divided by 
that coefficient. 

Ex. 5x«+3=159+4j. 
Transposing, 5a:'— 4j:=1 56 

dividing by 5, ±*— -x=r— - 

, . .1. , 4 4 156 4 784 

completmg the square, j'--x+^^— -j-— =-^ 

. 1. . 2 ^28 

extractmg the roots, x — r=+ t- 

_^28 2_30 _26__ _26 
'•*""-5 5~5 ^^ 5"" ^^ 5' 

3. Equations in which the index of the unknown quantity 
in one term is double of that in the other may be thus solved. 

Ex. jr«-4x' = 621. 
Completmg the square, x<^-4x'+4= 621 +4 =625 
extracting the roots, x* —2 = + 25 

.% x»=: ±25+2=27 or —23 

.-. x = 3 or i/— 23. 



41 

4. With binomial quantities and others, when the index 
of one is double that of the other, a similar method may be 
used. 

Ex, (a?— 5)«= 420— (x— 5). 

Transposing, (x— 5)* + (j:-5) =420 
Let jr— 5^y : (x— 5)*=y' 
then y«+y=420 

completing the square, y* -f-y + j=420+ — =— r— 

1 41 

extracting the roots, y+ ^ = + — 

.41 1 40 42 ^^ 

.•.y=i--2~2=2"'-"2=2^"'--2^ 

for y substituting its value, we have 

X— 5=20 or —21 • 
and X =25 or —16. 

5. In some cases it is necessary to add or subtract some 
quantity on both sides to reduce the equation to the above 
rorm. 

Ex. x«— 2x+6-v/x«— 2x+5=ll. 

Adding 5, x* — 2x+ 5 + 6 ^*'— 2x4-5= 1€ 

Let v/x*— 2x+5=y .'. x«— 2x+5=y« 
then y* + 6^=16 
completing the square, y*+6y + 9 = 16 4-9 = 25 
extracting the roots, y+S = +5 

and y= + 5-3=2or — 8 

.-. v'x*-2x+5 = 2or— 8 
and x* — 2x+5 = 4 or 64 
transposing, x»— 2x=— 1 or 59 
completing the square, x* — 2x+ 1=1 — l or 1 -|- 59^=0 or 60 
extracting the roots, x— 1 =0 or + -v/60 

.-. x = l or 1+^60. 
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Problems producing Quadratic Equations. 

1. What number is that which, when added to its square 
root, will make 210? 

Let X* = the number, 
then X =3 the square root of the number. 
.-. ar«4-* = 210 

Completing the square^ x*-f-x-f- j = 210-h ~ = — 

1 29 

extracting the roots, x-f- - = +^ -— 

.29 1 28 30 

•*• •^=t2""2= 2 ^' "" 2- = ^^^'-^^ 
and x'= 196 or 225, the number required. 

2. A buys a number of oxen for 80 guineas : if he had 
bought 4 more for the same money, he would have bought 
them a guinea a head cheaper. How many oxen did he buy ? 

Let X = the number of oxen bought, 

80 
then — =a the price of each ox. 

Now X -f 4 = the number and 4 more, 

80 
and — — := the price of each of this latter number. 

But the latter price is less than the former by one guinea, 

80 _80^_, 



x4-4 X 
Clearing fractions, 80x = 80x+ 320 - x* -.4x 

transposing, x* + 4x = 320 
completing the square, x«+4x+4 = 324 
extractmg the roots, x-f 2 = 18 
.'. X =: 18 — 2 =s 16, the number of oxen bought. 
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ON FRACTIONAL INDICES OR RADICAL SIGNS. 

1 . By definition, page 4 : 

a^ or (/a* denotes the 3rd root of a*. 

0^ or V^" iit^ <*"• 

2. Hence we may use a fractional itidex or radical sign> 
as may be most convenient. 

3. When the root cannot be exactly extracted, the 
quantities are called irrational or surds : as ^2y ^3. 

Case I. 

To represent a quantity mth an integral index under 
the form of one with a proposed root. 

Rule. Raise the quantity to the power corresponding 
to the proposed root, and over it place a fractional index, 
or before it a radical sign indicating the proposed root. 

Ex. Represent 6ax^ in the form of the square root. 
6ax« = (36aV)* or -v/36a'ar*. 

m 

Proof, a* == a^ or ^a* =s a* or ^o* = o"> or V «*"• 
Cor. Quantities having indices with different denomi- 
nators or having different radical signs, may be changed into 
equivalent ones, with the same denominators or radical signs : 
thus c^ and 5*, or i/a and l/hr=.a ' and h^y or V^ Mid .^6'* 

Case IL 

To reduce a quantity with a fractional index or radical 

sign to its simplest form. 

Rule. Resolve the quantity into two factors, one of 
which is the greatest power corresponding to the root indi- 
cated by the denominator : extract the root of this power 
and place the result before the remaining part. 

Ex. Reduce ^ 81aVj? to its simplest form. 
(8 la'i7x)*=55 {27a^b'^ x 3bx)^ = Sab\3bx)^ or 3ab^ ^3bx. 

6 
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If the quantity be fractional, multiply the numerator and 
denominator by such quantibr as will make the denominator 
a complete power of the kina required. 

3x 
Ex, Reduce 2 ^ •--- to its simplest form. 

oar 

2 2 

=: -—-; (I5ax)^ or -— -r a/ISox. 

N. B. — ^A coefficient (as 2 in this example) must be 
multiplied into the root of the factor. 

Case III. 

Addition and Svhtraction, 

Rule. Reduce the quantities to their simplest forms, 
add or subtract the rational parts and to the sum or dif- 
ference annex the irrational parts. 

Ex, Add together 2^<fh and 3 (o^fi*)* 

2 (a'5)4=2(a« X a6)4=^a(a5)* or 2a ^ab 

3 {a'b^i='d{€fb' X ah)i=:3a'h\ab)i or 3a'6« y/ab. 

.-. C2a+3a'5*) {ab)^ or {^a-{-3(fb'') ^ ab is the sum 
required. 

Similarly (2a— So^i*) (ad)* or {2a-^3a'h')^ab would 
be the difference. 

N. B. — ^If the irrational parts be not the same, the quan- 
tities can only be joined by the sign + or — 1 . 

Ex, From 2^a^h take 3(a'6)^. 

2 ^d'b^'Iia* X b)^=2aIA or 2a ^b. 

3(a'6)*=3(a' x b)^z=3ab^ or 3a V*. 
.*. 2a ^5— 3a V^ is the difference required. 
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Case IV. 

Multiplication, 

Rule. The same as for quantities with integral in- 
clices, Pp. 8, 9, 10. 

Ex. 1 . Multiply — «*&* by 3a "*6* 

— a*6* X 3a-*6*= -^Sa^'^bi + i=— 3a*5**. 
Ex. 2. Multiply Jc—'^/xy+y by -^/x+y^y 

X— xiy*4-y 

x4+y4 

x«— xy^+ayiy 
-|- xy2— xiy +yi 



ayf * * +yf 



.•. xt-f.y*or v^x'-f ^y', the product required. 

_P r P ' 

Proof, a** x a ■=aq"*"^- 
For let m=- and w= - 
then in^«==^ and nqs=qr 

mqs nqs ps qr ps + qr 

r. a xa =a Xa =a (Page 8) and ex- 
tracting the qgth. root of both sides, 

P f. pa+qr p r 

a™x«' I.e. a^xa^ssra q* =aq"*"»* 

Case V. 
Division. 
Rule. Same as in Pp. 1 1 and 13. 

Ex. 1. Divide ^ax" by (bx)^. 
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Ex. 2. Divide a^x^^ ^ix+ay*— ^ly by ^x-\- ^y, 

** + y*)ar* — Wx* + ay*— 5*y*(a — 5* 
ax* +ay^ 



.'. a— 6* or a^'j^/b is the quotient. 
Proof. Since a^ ■ = a^ x a" (Case iv.) 

Case VI. 

Rule. Same as in page 33. 

Ex. 1 Raise V^ to the 2nd power. 
The 2nd power of (ax')^=(aje)^^ ''=:(ax')ior ^ax^ oraW 

Ex, 2. Raise -r^ %/ (c+x)^ to the 4th power. 
The 4th power of |^ {c^-x) = Ti (<?+Jf)^ ^' &» '^ (<?+ J?)" 

Tl' P P P+H+&c.rti»e. 

Proof. a^\ =a^xa**X&c.rtimes=a^ ^ 
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Case VII. 

Evolution^ 
Rule. Same as in page 35. 

^jr. Extract the square root of 8 1 a^ \/h*. 
The square root of 8 1 a4ft*=+ 9a* "" * 6* "" * = + 9a* i*- 

pr E. PI 

Proof. a**=d;he rth power of a** .•. rth root of a** 

— X r» 

r=aft=a^ 

Equations involving quantities with Jractional indices 

or radical signs. 

1. An equation, involving a quantity with fractional 
index or radical sign, may often he reduced to a simple 
equation hy transposing so as to- get that quantity on one 
side hy itself, and then raising hoth sides to the power de- 
noted hy the index or radical sign. 

, 2a? 
Ex, 1. v^— +5=7. 

Transposing, V -^ =2 

2x 
squaring both sides, — = 4 

.-. 2x = 12 
and X = 6. 



Ex 2. X = A/2aar+a:«+a. 



Transposing, x — a = a/Sojc+x* 

Squaring x*— 2ax + a* ^ 2ox + x* 
both sides, . * . 4ax = a* 



a* a 
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2. If there be two quantities with fractional indices or 
radical signs, transpose so as to get the most complex on 
one side by itself, and proceed as above. 



^x. v'J^— l6+y/'x=8. 



Tranposing, '/a?— 1 6=8 — ^Jx 
Squaring both sides, x — 16=64 — 16^x+« 

.-. 16x/x=80 

.•. ^x=6 

and x=25 

3. If the fractional index of one term of the unknown 
quantity be half that of the other, the equation is a 
quadratic. 

Ex. 3x*+x*=:.3104. 





s 


xt_ 
"3 ■" 


3104 
3 






both sides, ^ 


X* 

-3" + 


1 
36 ~ 


3104 
3 


1 
36"" 


37249 
36 


extracting the 


x* + 


1 _ 


^193 






squares. 




6 "^ 


- 6 






• x*= + 


193 
6 


1_ 


32 or — 


^1 
3 




X 


/ 


OrtV* . 


.. , 97,i 





.-. » = (32)''or(- yV 
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ARITHMETICAL PROGRESSION. 

1 . An Arithmetical Progression is & series of quantities 
which increase or decrease successively by the same quan- 
tity, as 3, 5, 7, 9, 11, &c., which increase by 2, 

and 1, — 2, — 5, — 8, &c., which decrease by — 3. 

2. The quantity by which the series increases or de- 
creases is called the common difference^ and may be found 
by subtracting the former of any two consecutive terms from 
the latter. 

3. The first term and the common difference being 
given, the series is known. Thus, if the first term be 2, 
and the common difference 3, the series will be 2, 5, 8, 11, 
&c. Also if the first term be a, and the common difference 
^, the series will be 

a, a-\rb, a+25, a-f 35, ai-4b, a-\-5b, &c. 

4. Here, we observe that a stands first in each term, 
and that the coefficient of b is always one less than the 
number of terms, being 1 in the 2nd term, 2 in the 3rd, 
3 in the 4th, &c. 

5. Any term may be found by adding to the first term 
a, the common difference multipUed by a number less by 
one than the number of the terms : thus the 

1 6th term would be a+ 156. 
100th a^-99b. 



nth a-f-»— 1.6. 
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6. If the first term =a : common difference =b : the 
number of terms =w : and the last or wth term be called /, 

then Z=a+n — 1 .5 

7. Any three of the four quantities a, b, n, I, being 
given, the fourth may be found. 

JEx, 1 . The first term of an arithmetical series is 1, the 
number of terms 5, the last term — 11: find the common 
difference. 

Generally^ Z^a+»— 1.6. 
Herea=l: n=zb: 1= — 11 
.-. -11 = 14-46 
.-. 46 = — 12 
and b = —3 the common difference required. 

Ex, 2. The first term of an arithmetical series is 4, the 
common difference 12, the number of terms 9 : find the last 
term. 

Generally, / = « 4- w — 1 .6. 

Hereas=4: 6 = 12: n = 9 

.-. Z=4+8x 12 = 4-1-96= 100 the last term. 

Tojind the sum of an Arithmetical series. 

I . Let us first take a particular case, in which the first 
term is 3, the common difference 2, and the number of 
terms 8 ; the series will be 3, 5, 7, 9, 11, 13, 15, 17. 

Let iS=:the sum of the series, 

theniSf=3+5-f-7+9+-ll+-13+15-|-17, and inverting 

the terms, 5=17+15+13+11 + 9-^74-54-3 

adding, 2 iSf=20+20+204-20-l-204-20+204-20 
=20 repeated 8 times 
=8x20 



«_8x20 ^^ . . , 

S= — - — = 80, the sum required. 
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Ex. 2. The sum of an arithmetical series is 65, the 
first term 5, the common difference 3, find the numher of 
terms. 

Generally S = (2a+«— 1 . 6)5. 

Here jSf = 55 : a=5 : 6^:3 

n 

.-. 55 = (10+n-1.3)2 

110=(3n-l-7)» 
3w»+7n=110 

,^7 110 

^ + 3^=-r 

completing ^, a 7^ . I?_ii5 4. 1?_ 1369 
thesqnare, 3 36~ 3 "^ 36~ 36 

extracting 7 37 

the roots» ^ "*" g — "g 

» ^ — 2 — = -- = 5, the number of terms. 




3. Since /=a+»— 1.6 and jS=:(2o4-w--1.6) - 

4. Any three of the quantities a, /, n, jS^, being giren, 
the fourth may be found. 

Ex, The first term of an arithmetical series is 3, the 
sum 80^ the number of terms 8^ find the last term. 

HereiS = 80: a = 3 : «=:8: 

.-. 80 = (3 4-04 

.-. 20 = 34-/ 
/. /= 17, the last term required. 
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5. To insert one arithmetical mean between A and B, 

Let d?= common difference^ 
then A, A+x, A'{-2x will be the series, and 
B (the 3rd term) =zA f 2« 

.-. the mean, -4-1- x = — = : = — _ — . 

^ ib 2 

6 To insert m arithmetical means between A andB, 

The means being the terms intermediate between the 
first and the last, the series must hare m+2 terms, and if 
X = common difference, the series will be 



A, A+x, A'\-2x, &c. A-\-mx, A-{'m+l.x. 



.'. B (the last term) ^A-^-m+l.x 

B^A 



whence the series is known. 

Ex, Insert three arithmetical means between 117, and 477. 

Let X = common difference, 
then 117, Wi-x, 117-4- 2x, I17+3x, 117 +4x is the series. 

.-. 477 = 117 + 4a? 

4 4 



• • 



and 117, 207, 297, 387, 477, is the series required. 
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GEOMETRICAL PROGRESSION. 

1 . A Geometrical Progression is a series of quantities, 
which increase or decrease by a common multiplier or divisor, 
as ], 2, 4, 8, 16, &c. whose terms are multiplied by 2, 

125, 25, 5, 1, -, &c divided by 5. 

2. The quantity by which the terms increase or decrease 
is called the common ratio, and may be found by dividing 
any term by the term immediately before it. 

3. If the first term, and the common ratio be given, 
the series is known. Thus if the first term be 2, and the 
common ratio be 3, the series will be 2, 6, 18, 54, &c. 
Also, if the first term be a, and the common ratio be r, the 
series will be a, ar, ar*, ar^, ar*, &c. 

4. Here we observe the first factor in each tennis a, 
and that the index of r is always one less than the num- 
ber of terms : being 1 in the 2nd, 2 in the 3rd, 3 in the 
4th, &c. 

5. Any term may be found by multiplying the first 
term by the common ratio raised to a power less by one than 
the number of terms : thus the 

16th term would be ar". 

100th or». 

nth ar"-*. 
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6. Hence, if the first term be a, the common ratio r, 
the number of terms «, and the last term /, then /=:ar"~"\ 

7. Any three of the four quantities a, r, w, /, being 
given, the fourth may be found. 

Ex. The first term of a geometrical series is I, the com- 
mon ratio 2, the number of terms 7 ; find the last term. 

Generally I = «/•"""*. 

Here = 1: r = 2: n^=z7 i 

.'. l = lx 2^-^ = 2<* = 64, the last term required. 

To find the sum of a Geometrical series. 

1 . Let us first take a partici^ar case, in which the first 
term is 1, the common ratio 2, and the number of terms 8, 
the series will be 1, 2, 4, 8, 16, 32, 64, 128. 

Let S = the sum of the series, 

then5'=l+24-4-h8+16 + 324-64+128, (and Xing 
by 2) 2S= 2+4+84-16+324-64 + 128 + 256. 

Subtracting, iS^ = 256 - 1 . 

= 255, the sum required. 

In like manner, with the series in which the first term 
is a, common ratio r, number of terms m, and the sum S, 
we have 

<S'=a+ar + ar'+ &c. +ar°'"*+«r"-^ 
rS= ar \ ar''+ &c. +ar^~*+ar^"H ar'^ 



.•. r^l.Sz=sar^-^a 

and iS = -• . 

r — 1 
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2. Any three of the four quantities a, r, n, S being 
given the fourth may be found. 

Ex. Find the sum of the series 3, 6, 12, &c. to 7 terms. 



Generally S= 



ar^'—a 



Here = 3: r=:2: n^=z^ » 

3x2^—3 
•. ^ = ^_^ =3 X 128—3 = 381, the sum required. 



3. Since Z= or** *andiS = 



«r"— « 



.-. S— 



r-1 
rl — a 



r-1 



4. Any three of the four quantities a, r, /, 5 being 
given, the fourth may be found. 

Ex, The first term of a geometric series is 1, the com- 
mon ratio 2, the sum 127, find the last term. 

Generally Srs: — — r 

Herea = l : r = 2: 6 = 127 

.-. 127 = |^ = 2/-1 

128 
,'. ;= = 61, the last term required. 
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5. To insert one Geometrical mean between A and B. 

Let X =: common ratio, 

then A, Ax, Ax^y will be the series, and 
B (the 3rd tenn,) =:^x« 

••. the mean. Ax = >/^«x* = ^A x Ax* = V-^- 

6. To insert m Geometrical means between A arid B. 

The series will have m-4-2 terms, and if x = common 
ratio, the series will be 

A, Ax, Ax\ &c. ^ar", ^x» "*- \ 

.-. ^ (the last term) = ^x™+* 

1 

and X = f: 

whence the series is known. 

-fi'x. Insert three Geometrical means between 39 and 
3159. 

Let X = common ratio, 

the series will be 39, 39x, 39x«, 39x', 39x*. 
.-. 3159 = 39x* 

,. ^3gf=(81)»=3. 



39 
and 39, 1 17, 351, 1053, 3159 is the series required. 
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7. To find the 9um of a decreasing Geometrical series 

continued ad infinitum. 

Let iS = a-f«r+ar*+ &c., ad inf. 
then rSzrz ar^ «r«-f &c., ad inf. 



and iS = . 

1 — r 

Ex, Find the sum of the series 1 +7 + -+ 5 -f &c. to 

<& 4 o 



infinity. 



Generally, 5 = 



1-r 



Here a = 1 : r = - 

•'• ^ = 7 = - = 2, the sum required. 

1 

2 2 

8. To find the value of a Circulating Decimal, 

Rule. Put the decimal in the form of a decreasing 
geometrical series and sum the series by the above Rule. ' 

Ex. Find the value of .2222 &c. 

.2222 &c. = 1 + -^, + ^ + &c., ad inf. 



a 
Generally, Sz=^- — 



a 
r 



Here a= — : r^ — 
10 10 

,', 2222&c.=-^=l?=?. 

10 10 
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4. If the decimal do not begin with the repeating 
figure, find the sura of the circulating part, and to it add 
the preceeding part. 

Ex, Find the value of .28 1 7 1 7 &c. 

17 17 17 

.001717 &c.= J- -4- — +_ + &c. to infinity. 

Generally, •S= := 

He,. .- !i . --L 
27 2L 

10* 10* 17 

.-.001717 &c. ^ i^= ^ 



1 



, — 99 ~990O 



10^ 



10 



i« 



...281717&c.= ^,-f-LL=?789 

100 ^ 9900 9900* 
5. The following is a shorter method. Make the de- 
cimal = 8 : multiply both sides by the same power of 1 as 
there are circulating figures, and subtract the upper line 
from the lower. 

Ex, I . Find the value of .232323 &c. 

Let ^= .232323 &c. 
the n 100 iS= 23.232323 & c. 

.-. 99 ^ = 23 

23 
andS=-. 

Ex. 2. Find the value of .281 71 7 &c. 

LetiSf= .281717 &c. 
then 10 6^ = 28.171717 &c. 

.-. 99 5=27.89 

, ^ 27.89 2789 
and S = = , 

99 9900 
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BINOMIAL THEOREM. 

1 . By the Binomial Theorem we can express in a series 
any power or root of a quantity consisting of two terms. 

2. This Theorem (for proof of which see Appendix), is 
as follows : 



(x+y)"=x"+n^"'«y+?^:^^x"-y + 



w.»— l.n — 2 , , 



2 ^ ' 2.3 ■ 



X" -y 



n.n — l.w— 2.n— 3 , , 

+ ^^ ."-y+&c. 

3. In using this formula, write out, as in the examples 
below, the values of n, w — 1, n — 2, n — 3, &c. which you 
will then have ready for use for the coefficients and indices : 
you will also see, by noticing the number of negative signs (if 
any) that enter into any coefficient, whether it is -\-ve or 

Ex, 1. Expand {x-\-y)\ 
Here n = 3 
.*. n, n — 1, n — 2, are equal to 

3, 2, 1, 

and substituting these values in the Theorem, 

(ar+y)3=xH3xV+.?| xf+ ?|^ f. 

= x'+3x«y4-3xy*+y\ 

Ex, 2. Expand (1— x«)*. 

Here j:=I: y= — x': w=-; 
^ 2 

.'. n, w — 1, w— 2, n--3, &c. are equal to 

1 1 _3 5 



61 



and substituting these values in the Theorem, 

11 113 



— ■ •« • 



(i_.«)*=i.+J(_x')_L£(-x')'+?-^(-.')-&c. 



2 ^ '2.3 



=5= I — A- a?' — ^, ^* — ;r^ar^ — &c. 
2 2' 2* 



-4 



Ex. 3. Expand (a* +6^) - « . 



Here a?=a' : y=d^ : w= — 5 



/. w, n— 1, n — 2, n— 3, 71— 4, &c. are equal to 

_1 _3 _ 5 _ 7 9 

2' 2' 2' 2' "" 2' ' 



and substituting these values in the Theorem, 

1 ^ ^ 



1.2 



13 5 13 5 7 



2 22,, -^,9 ,2222, .x"~f ,,, « 



•2 ^1.2.2* 1.2.3.2^ 



^ -3.5.7 
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4. A quantity consisting of more than two terms may 
be expanded by considering all the terms but the first as 
one term. 

Ex, Expand (a-fi+c)*. 

Let x=a : y=s6+c : «=:4 

.•. w, n — 1, w— 2, w— 3 are equal to 
4, 3, 2, I, 

and substituting these values in the Theorem, 

4.0.2.1 _ 

+ Y3T-^*+^>- 

=rt*+4ff»(6+c)^-6a«(6+c)» + 4o(6+cy+(6^-c)^ 

5. To find any given term in the expansion of a hinomiaL 

In the expansion of (* + y)", the 
] st term is a?". 
2nd nx^'-'y, 

3rd w.^^ ji:"-y. 

2 ^ 

.1.1 w— 1 w— 2 , , ft 

4th w. ;r— a?"~^ y\ &c. 

^3 ^ 

Here we observe that the last term of the numerator of 
the coefficient is n minus a number less by 2 than the num- 
ber of terms; being n or /i— in the 2nd term: »— I in 
the 3rd term : w--2 in the 4th term and so on : in like 
manner the last term of the denominator is I less than the 
number of terms : the index of x is w minus a number less 
by one than the number of terms : and the index of y is one 
less than the number of terms : hence the 

rt ^ n.n-\,n — 2 w— m-2„ ^ . ^_. 

mth term = == ^jp" ^ « + » ^^i" - *, 

i. 2, 3. , . ~m — k 
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Ex. Find the 5th term in the expansion of (a — z^)^. 
Here x=5a: y= — ^ : ^=0 * ^^^^ 

— 1.2.3.4 ^ ^ 



.-. 5th term- 

3 11 3 



2 2 2 2 ^-f 



1.2.3.4 

128 

PERMUTATIONS. 

1. Permutations are the different orders in which any 
number of things can be placed, when a certain number 
of them are taken together : thus of a, b, c taken 3 and 3 
toeethet, the permutations are ahc, acb, bac, bca, cab, cbn. 

2. If U ^= the number of permutations o/" n — 1 things 
taken all together, uR will = the number of permutations 
ofvL things taken all together. 

Take first a particular instance. The number of per- 
mutations of three things «, 6, c, taken all together is 6, as 
shown above: take an additional quantity d: c? may be 
placed either beforeor after each of the three quantities in each 
permutation : thus in the first, we should have dabc, adbc, 
abdc, abed, and so in the 2nd : hence from each permutation 
we should have 4 permutations, or altogether 4x6 per- 
mutations. 

Similarly if the number of permutations ofw— 1 things 
taken all together = 2J, as the additiona l qua ntity may be 
placed either before or after each of the n—\ quantities in 
each permutation, we shall have n different places in each 
of the B permutations, that is, there will be n permutations 
formed out of '^ach of the B permutations : hence there will 
mB permutations of w things taken all together- 
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3. To find the number of permutations ofn things taken 
all together. 

Let Q=number of permutations of w things taken together. 

i2= n-l 

S= n— 2 

r=: »-3 

&e.= &c 

Then(Art. 2)Q=5«22: R = n— I .S : S=7^,T&c. 
till we come to (»— w — 1) or 1 thing, which admits of only 
one permutation. 

Hence Q = »i2 = n. w — 1 ,S = n. n — 1 .»— 2. T = &c. 



= w.» — l.w — 2.« — 3 3.2.1. 

Ex, How many changes may be rung on 8 bells ? 

• Grenerally Q==w.7i— 1 3»2.1 

Here « = 8 

.-. Q = 8.7.6.5.4.3.2.1 =40320 the number required. 

4. To find the number of permutations of n things taken 
r and r together. 

Let P = number of permutations of « things taken r together. 

Q = n— 1 r-l 

iJ = n— 2 r— 2 

&c. &c. &c. 

W=z w — r— 1 I 

Now, if we add a new quantity ^ to w— 1 things and take 
r of those together, we shall have Q permutations in which 
p stands first : we shall also have Q permutations in which 
each of the n quantities stands first, therefore we shall have 
wQ permutations of » quantities taken r together. 

.'. nQ = P 

Similarly n — I , Rz=Q 

i^^.S = R 
&c. == &c. 



. P = wQ = ?i.» — i.iJ = n— 71— 1 .n— 2.iS=«S:c. 



= w . n — I . n — 2 (w — /• — 1 ) 
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5. To find the number of permutations ofn things taken 
all together, when there p of one sort, q of another, r of 
another, ^c. 

If all the quantities were different, there would be 

n . w— I . n — 2 3.2. 1 permutations. If the p quanti- 
ties were different, they would make (\ .2*3. ... p) permuta- 
tions : q would make (1.2.3 . q), and r, 0.2.3 . . r) : hut 
heing the same, they each form hut one permutation, and .-. P 

the whole number of permutations ==:/^-o^-^^^^V7?^^^;——?lL 

^ (1.2.3. ./?):(i:2XT^):(2Xr) 

Ex, What number of permutations may be made of the 
letters aabbbcccc* 

Here w=9 :j9 = 2 : ^=3 : r=4 

_ 9_'S .7.6.5 .4.3. 2 . 1 __ 

COMBINATIONS. 

1. Combination is the collection of any number of 
quantities taken a certain number together, without regard 

to their order. 

2. To find the number of Combinations ofn things 

taken r and r together. 

Let N=z the number. Then, since each combmation 

of r quantities admits of (1.2.3 ... r) permutations (by 

Art. 3, page 64), the whole number of permutations ot 

these n things = ( 1 .2.3 . . . r) iST : but the whole number of 

permutations (by Art. 4, page 64), also equals 

(n. n — 1. w— 2. ...w — r— l)j , 

.-. (1.2.3. . ..r)iV=(w. n—1. n-2 . . . . w— r- 1). 

^ ,, n. ^^' tT ^.. ..w-r-l 

Ex. How many combinations can be made o« tvieuty- 
six letters taken 3 and 3 together ? 

Here n = 26, and r = 3. 
. ,26x25x24 

• • — 1x2x3. 
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LOGARITHMS. 

1. In the equation 0*=^, in which a is invariable, by 
varying the value of x, a' may be made equal to any num- 
ber whatever. 

2. If a* =y, jr is called the logarithm of y to base a. 

Thus if fl=: 10 : and y = 100, 1000, &c. successively 
then smce 100 = 10* : 1000 = 10^ &c. we shall have 
log. 100 = 2: log. 1000 = 3, &c. 

3. Since log. 1 00 = 2 and log. 1 000 = 3, the logarithm 
of any number between 100 and 1000 must be greater than 
2 and less than 3: thus log. 15=1.760913, (10) ^-^ooqu 
being =15- Similarly, the logarithm of any number be- 
tween 1000 and 10000, must be greater than 3 and less 
than 4, and so on. 

4. The numbers 10, 100, 1000 &c. are in Geometrical 
and their logarithms 1 , 2, 3, &c. are in Arithmetical Pro- 
gression. If then we insert geometric means between any 
two numbers, and the same number of arithmetical means 
between their logarithms, we shall find the logarithms of 
those geometric means. By this method we might calcu- 
late the logarithm of all numbers. Thus log. 10 = 1 : 
log. 100 = 2; now the geometric mean between 10 and 
100 = 31.622777, and the arithmetical mean between I 
and 2 is 1.5 .-. 1.5 =log. 31.62777. 

5. Log. 185 = 2.2671717 

185 
log. 18.5 =log. j^ =log. 185 —log. 10=1.2671717 

log, 1.85=%. ^ =log. 185 -log. 100 = .2671717 

185 - 

log. .185= log. -i-i =log. 185— log 1000 = 1.2671717 

185 — 

log. .0185=log. iq5qq =log. 185 -log. 10000=2.2671717 

and so on. 
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Hence the logs, of 185, 18.5, 1.85 &c. have the same deciinal 
part, and differ only in the index or characteristic : this in- 
dex will he 0, 1, 2, 3, &c. accordiuji as the number contains 

1, 2, 3, 4 &c. integral figures, and I, 2 &c. if it be only a 
decimal with 3, 4, &c. places. 

6. The logarithm of a product consisting of any num- 
her of factors, is equal to the sum of the logarithms of those 
factors. 

Let a be the base : x, x', x* &c. the logarithms of y, 
y', y* &c , then we have (by Def. 2). 

y^d^ \ y •ss.a i y' :=^a &c» 

• . yVT" ' ' =« xa xa =« ^ ^ 

and log. yy'y" =x4-x'4-Jr* . . . . = log. y + log. y' 

+ log. y"^+&c. 

7. The logarithm of a fraction is equal to the logarithm 
of the numerator — the logarithm of the denominator. 

For, if a be the base, and x and x' the logs of y and y\ 
theny = a* andy' = a*' 



y a x^x' 

y' "" X' 
a 



.-. log.|! =x — x'=log. y — log.y'. 

8. The logarithm of any power or root of any quantity 
is found by multiplying or dividing the logarithm of that 
quantity by the index of the power or root. 

For, if y = o^ then y" = a"^ 
.: log. y^ =: nx z= n log. y. 

1 X 

Similarly, y* :=a* 
1 

.-. log. y =-x = -log.y. 

K 
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9. Hence by logarithms, the operations of multiplica- 
tion and diTision of numbers are reduced to addition and 
subtraction, and those of involution and evolution to multi- 
plication and division. 

Ex. I . Multiply 37.1 53 by 4.086. 

Log. 37.153 = 1.5699939 
log. 4.086 = 0.6112984 

2.1812923 
= log. 151.8072 
.•. 151.807*2 =s product required. 
Ex. 2. Find the square of 2.7558. 
Log. 2.7558 = A402477 

2 

,8804954 
= log. 7.594434 
.*. 7.594434 is the square required. 



APPENDIX. 

Proof of the Rule for finding the greatest common measure. 

Lemma 1. If one quantity measure two others, it will 
measure their sum or difference. 

Let X measure a by the units in m, and b by the units in n, 

then a s= «nx and b =s tix 
.•. ajrb = (mln)x, i. e., x measures a-^b by the units 
in m+n. 

Lemma 2. If one quantity measure another it will 
measure any multiple of it. 

Let X measure a by the units in m, them az=:mx 
.-. an:=:mnx, i. e., x measures an by the units in mn. 
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To shew how the greatest common d)AO» 

measure of a and b may he found, let bp 

a he the greater : divide a by b, let 

J9 be the quotient with remainder c : c)b(q 

divide b the former divisor by c, let q be cq 

the quotient vnth remainder d : then 

divide c by d, let r be the quotient d)c{r 

"without remainder : d shall be greatest dr 
common measure. 

First, c? is a common measure of a and b. 
For d measures c, because c ^zsdr 

•'• rf cq, Lem. 2. 

•'. fl? cg + c? or 5, Lem. I . 

-'• d bp, Lem. 2. 

•'. rf bp-\'C or a, Lem. 1. 

•'. d both a and 6. 

Secondly, rf is the greatest common measure of a and b. 
For, if not, let d-^-x be the greatest. 
Since c^-f a? measures 6 

.' bp, Lem. 2. 

." . . a-^bp or c, Lem. 1 . 

.' cq, Lem. 2. 

." b -cq or dy Lem. 1 . 

i, e,y d-j-x measures d, which is absurd, since no number 
greater than d can measure d. Therefore d is the greatest 
common measure of a and b. 

Cor. Whatever number measures a and 6, will also 
measure d. 

To find the greatest commxyn measure of three or more 

quantities a, b, c, &c. 

Rule. Find the greatest common measure of a and h-. 
let it be d : then find the greatest common measure of c and 
d : let that he e : e shall be the greatest common measure 
of a, b, c, and so on. p x 

For every measure of a and b measures d (by last Cyor.; 

.• a, b, c d, c 

.*. the greatest measure of d and c is also that of a, b, ('^ 
and so on. 
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To find the least eammtm multiple of two quantities a and b. 

RuuB. Multiply the quantities together, and divide 
their product by their greatest common measure. 

Proof. Let a and b be two quantities whose greatest 
common measure is x, and let a = mx : b ^ nx. Now the 
least common multiple of a and b must be that of mx and 
nx, which is eyidently mnx, since m and n have no common 

tnnx^ ab 
divisor : but mnx = = — = product of a and b, di- 

X X 

vided by their greatest common measure. 

To find the least common multiple of a, b, c 
Let X ^ greatest common measure of a and b 
y = — and e 

then — s= least common multiple of a and b 

X 

- ahc ah J 

and — =^ -- Mio c 

xy X 

and .•. — ^ of a, 6, c. 

Similarly, if the quantities be a, 5, e, d, &c. 
and X =: greatest common measure of a and 5 

y = — and. c 

X 

;gr = — and d, 

xy 

&c. != &c. 

Then — = least common multiple of a and b 

X 

abc , 

— ^ a, o, c 

xy 

abed t J 
= a^ 0, c^ a. 

xyz 
&c = &c. 
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SURDS. 

1. If two quadratic surds ^ataid ^h cannot be re- 
duced to others which have the same surd> their product is 
a surd. 

For, if possible, \^\, ^ a y, aJ h 'ss.ma 



ah =nra 



,«^« 



• • 



6= m*a 

t. e. ^ h can be reduced so as to have the same surd as ^ a, 
which is contrary to the hypothesis. 

2. One quadratic surd cannot be made up of two others 
V m and ^n, which have not the same surd. 

For, if possible, let >/ Jp = \/»» •+• V^ 

.'. 5 =3 ^ mn, i. c. a rational quantity = 

a surd, which is impossible. 

3. The square root of a quantity cannot be partly ra- 
tional and partly a surd. 

For, if possible, let V a =: 6 -h ^ c .\ a^b* + c 
-{■ 2 b ^ c. 

a -~ b"^ — c . 
.-. ^ c = ^7 t. e. a surd quantity = a ra- 
tional one, which is impossible. 

4. Ifa+v^a? = 6+ >v/y> where a and b are rational 
and V ^ and ^y are surds, a = 5 and v^x =s ^y : for 
since ± v'J? = ^ — «lt ^ V ' i^ V^^® not =s y^ y, it 
is partly rational and partly a surd, which is impossible. 

5. To extract the square root oi a+^b. 
Let >v/fl + a/ b=:^x 4- ^/y 

.'. «+ y/b^=^x-{-y + 2^xy 
.•. a = X + y, and V^ = 2\/xy 
.'. a ' = J '+ 2jcy +y', and b =4xy 
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and v^a' — b=sx — y 
but, a = X -{- y 



r ^, and y = r 



^x. Find the root of 11 + ^ 72. 

Let -/ 1 1 -f v' 72 = V X +- v^y 

.'. H + ^/ 72 = J + 2 v/-Ey + y 
.-. jr 4- y = 1 1, and 2 ^ xy = ^ 72 
.-. x«+ 2;ry + y«= 121 
4jy = 72 

x«— 2xy + y'^~49 

«— y= 7 
x + y= 11 

.-, a; = 9, and y = 2 
and a/ 11 + v^72 = 3+^2. 

RATIO. 

1 . Ratio is the relation of one quantity to another of 
the same kind in respect to magnitude, and is foimd by di- 
viding one by the other : thus the ratio of a to 6 (written 

a : 6) is expressed by t . 

2. If A be greater than 6, the ratio a:h is said to be of 
greater inequality : if less, it is said to be of lesser inequality. 

3. To compare ratios, reduce the fractions which ex- 
press them to common denominators and compare the nu- 
merators. Thus to compare the ratios of 2 : 3 and 4:5; 

2 _ 10 4 _ 12 

3 ■"■ 1?) ' 5 ■" l5 

.*. the ratios are to each other as 10 : 12. 
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PROPORTION. 

4. Proportion is the equality of ratios: thus if the 
ratio of a : 6 be equal to that of c:d, then a, 6, c, d are in 
proportion : this proportion is expressed by a : 6 : : c : rf. 

5. If four quantities are proportional, the product of 
the extremes equals the product of the means: for, if 

a:b::c:d, then t=^ whence adz=:hc. 

6. If four quantities are proportional, the fourth equals 
the product of the second and third divided by the j&rst : 

be 
for if a : 6 : : c : fl? then ad = ftc and c? = - . Hence the 

a 

Rule of Three in Arithmetic. 

7. If a : 6 : : c : fl? 

a c J ^ d 

then •.•7=3 and •.• -= - 

h d a c 

b : a : : d : c (invertendo) 

8. 1{ a : b :: c : d 

a c ^ a h 

then *.' 7 = -, and •.- - = - 

b d c d 

a : c : i b : d (altemando) 

9. If a I h :: c I d 

then ••• ~ = -. and .••7+1=3^1 
b d a -^ 

_ a + 6 c + d 
and — 7 — = — 3- 
b d 

a '\' b I h II c '\' d : d (componendo) 

and a^^b : b :x c ^ d : d (diridendo) 
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10. If a : b :: c : d 

, a '\- b c^-d , a — b c— d 
then '.• — 7— 5= — ;- and —7- = 

a + A c -\- d 
'a — b c —fl? 
and a-hb I a-^b : : c+fi? : c — «? (componendo and dhddendo*) 

11. If a : b :: c : d ^ 
and e : f x: g I h y 

then ••• 7 = - and - = rand .". - = -^ 
b d f h bf dh 

cue : bf : I eg ', dh, 

12. If a : 6 : : & : c 

then ••• ac = ft' and .'.-=-- 

c br 

a : c : : a' : 6' or a is to e in the duplicate ratio of a to ft. 

13. If a i b : : c I d» 

a c fl™ c" 

Proof of the Bifiomal Theorem, 

Lemma 1. If A-^Bx+Cx^-^ &c. = a -\-6x+ ex* + &c. 
for CTcry possible value of x, 

then^ = a: B = b: C=c&c. 

For, if the equation be true for every value of x, it is 
true when x = 0. Let x = 0, 

then A=:a, since ^x, ftx, Cx', ex* &c. each =: 
.-. 5x+0x»+ &c. = ftx+cx»+ &c. and 
dividing by X, ^+0x+ &c. =ft+cx+ &c. 

Then, proceeding as before, B=b: 
In like manner C^=c, B^^d &c. 
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Lemma 2, r-, when b becomes =s a, is equal to 



»«""*: for by diyision we know that =- = a " " * + 

a**"'*6+a°""*6*+ &c* to » tenns : and when 6 = a, this be- 
comes «"■"* + a"""* + a"*""* + &c. to « tennsy or wa" "" \ 

m 

To expand (jf4-y)° • 

(x+y)'°=a?n (i-f -) n 

Let-=a, 

and suppose that l-^a^v 
and l+ft = £^ 



.'. a— 6 = t? — 2". 



m m 



Assume (l + a)n=:l+^a+-Ba*+Ca*-f &c, = w". 

.-. by subtraction, ^(a-^)+5(fl«-*') + 0(a^-*^)+ &c 



m m 



Divide by a — ft = » »-2r, and 



m m 

. . „ «'— ft* . ^ «^— 6' ^ a*— 6* o W n — ^ n 
A-hB -. + C J- + D r- + &c, = 

L 
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Let a=^: and .*. 9=xr, then by Lem. 2. 

^+2^a+3Ca«+4Dtf»+&c. = -»5""*: [multiplying by 
1+a =» 



^+2^a+3Ca«+4Dtf'+ &c. -I _j»i _" 
^a+2^a»+3Ctf'+ &c. ) ~ n 



m 



m 

m 



= - (l+a)f=^ (l+^a+^fl'+Ca»+&c) 
n n 

n n n n 

.*. by Lemma 1> 

^=:— : 

n V^ / n \n / 

Jgs= wAn"" / 
2 

» \n Z 2 

,„ «'V« /'\n /. Inlikemanner 
"°*^= 23 

n--(:-OG-^)(^^) 

^~ 2.3.4 
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m 



^ « 2 2:5- 



'»« _^ j« 



— Tmi "^ — ^«*+ &C. 



+ " ' 2.3.4 

and substituting - for a, 

mm m 



— V n * + 2 x« ■*" 2.3 «» 



■" ■ n{n ') 5-. 



^ 2.3 ^ 

^/^^— iW- — 2^ (-—3) 

Cor.]. Ifw=l 

(x +y)"' =: «"• + « x" - ' y 1- -^^— ' *" ' y' 

, «».(»»— 1) («i-2) „_. „, . w.(»t--l).(w-2).(OT— 3) 

+ 2:3 ^ 2.3.4 

«"~*y* + &c. 
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Cor. 2. If for y we write — ^, we have 

2.3 y T^ «^ 

Cor. 3. If X and y each = 1, then (x-f y)" or 2"" 
_ m.(w— IK m(w— l)(m-2) 

m(m-i)(m-2)(m-3) 

"^ 2.3.4 "*■ • 

u e. the sum of the coefficients of (x-f^)" ^ 2". 
Cor. 4. Since (page 62) 

m(m— -l) (m — 2). . .( m— r— 2) „_,_,,, 

the rth term:s= \ '\ — ^^- «•"-' "^h^ - 

!• 2. 3 r— I 



I , XL * m(m— 1 ).(m - 2) . . (m — m — 2)(m — m—\ \ „ . 
the -,+lth term \. 2^/3 . / (W8)(^i):;;i ^'^-°*" 

«i(«i— ' l).(m— 2). . . . 2.1 ,^ 

= i {-1 1 Am Lm 

l.2.3..(m— 2).(m— l).w "" ' 

In the {«i4-2)th, (m+3)th &c. terms, one factor of the 
numerator will he «i — 1» or 0, and therefore there will he 
no term after the (w + 1)™ of {x 4- y)™ if m be a positive 
integer* 

Cor. 5. If m be negative or fractional* no /actor of any 
coefficient can equal 0> and therefore the series will continue 
ad infinitum. 

Cor. 6. From companng the 2nd and mth terms, the 
3rd and («i — ])th &c of the expansion of {x + y)"* it will 
appear that the latter coefficients of the series are the same 
as those of the corresponding terms taken from the beginning. 

FINIS* 

[W. Woodward, Printer, Portsea. 



